This paper presents a comparative study of position sensorless control schemes based on back-electromotive force (back-EMF) estimation in permanent magnet synchronous motors (PMSM). The characteristics of the estimated back-EMF signals are analyzed using various mathematical models of a PMSM. The transfer functions of the estimators, based on the extended EMF model in the rotor reference frame, are derived to show their similarity. They are then used for the analysis of the effects of both the motor parameter variations and the voltage errors due to inverter nonlinearity on the accuracy of the back-EMF estimation. The differences between a phase-locked-loop (PLL) type estimator and a Luenberger observer type estimator, generally used for extracting rotor speed and position information from estimated back-EMF signals, are also examined. An experimental study with a 250-W interior-permanent-magnet machine has been performed to validate the analyses.
I. INTRODUCTION
Traditionally sensorless drives for permanent magnet synchronous motors (PMSMs) have been widely used in various applications because of their advantageous features such as increased reliability and reduced cost. Various sensorless methods have been proposed. They can be classified into two groups: high frequency signal injection (HFSI) [1] - [4] and back-electromotive force (back-EMF) based methods [5] - [16] . The HFSI based sensorless methods can provide relatively exact rotor position at standstill and in low-speed operating regions (typically less than 5% of the rated speed of a machine) at the expense of audible noises and additional energy losses. The back-EMF based sensorless methods acquire rotor position from the stator voltages and currents without requiring additional high frequency signal injection. The back-EMF based methods cannot provide reliable rotor position information in low-speed regions because the magnitude of the back-EMF decreases as speed decreases. However, it has been reported that back-EMF based sensorless methods can be successfully applied to many applications (such as compressors) where simple starting control is required [16] .
The functional elements of the back-EMF based sensorless methods are composed of a mathematical model, a back-EMF estimator, and a speed/position estimator, as shown in Fig. 1 .
The back-EMF estimator makes use of stator command voltages (v*), stator currents (i), and a mathematical model of the PMSM to derive the back-EMF signals. The rotor speed and position are observed from the estimated back-EMF signals by means of another estimator such as a phase-locked-loop (PLL) type estimator or a Luenberger type state filter. Because the rotor speed and position are observed from the estimated back-EMF signals, the accuracy of the back-EMF estimator has a direct influence on the performance of the sensorless drive.
Various back-EMF estimators have been proposed for the sensorless control of PMSMs. A current model-based EMF estimator was developed in [5] - [6] . However, applying this method to an interior PMSM (IPMSM) causes unstable sensorless operation, as the assumptions adopted in the model of the IPMSM are not valid in all operating ranges. To solve this problem, the extended EMF model was proposed in [7] . The extended EMF model includes saliency terms, as well as the back-EMF, so that the simplifying assumptions made to the model are not necessary. In [7] and [8] , an extended EMF model in the stationary reference frame was used for sensorless control. The extended EMF estimated in the stationary reference frame is in an AC form. Therefore, some phase delay between the actual and the estimated EMF is inevitable, as the estimator is a filter and filters have an intrinsic phase delay. The extended EMF model in the rotor reference frame provides the position error instead of the rotor position. However, the phase delay is negligible in this case, because the extended EMF in the rotor reference frame is a DC signal [9] .
Model-based back-EMF estimators are sensitive to motor parameter variations, back-EMF harmonics, and voltage errors in the inverter [10] - [12] . The harmonics due to the nonlinearity of the inverter is the main cause of degradation of performance in back-EMF based sensorless drives at low speeds; a smaller gain for a back-EMF estimator is required to expand the lower operating range [10] . Voltage error compensation methods were used in [10] - [11] to reduce the negative effects of the inverter harmonics on a back-EMF estimator. The deviation of the motor parameters caused by magnetic saturation and thermal change also degrades the performance of back-EMF based sensorless drives. Online parameter identification is an alternative to motor parameter variations [12] - [13] .
This paper evaluates three kinds of back-EMF estimators (a proportional-integral (PI) type state filter [8] , a disturbance observer type estimator [9] , [14] , and a reduced-order observer [15] ) based on the extended EMF model in the rotor reference frame. The transfer functions of back-EMF estimators are derived and the similarities among the back-EMF estimators are demonstrated based on their transfer functions. The effects of parameter variations and inverter harmonics on the accuracy of back-EMF estimation are investigated in detail using the derived transfer function and its bode-plot. These analyses explain why the resistance and the q-axis inductance variation have a greater influence on the back-EMF estimation accuracy than other parameters. The phase-locked-loop (PLL) type estimator and the Luenberger type estimator are commonly utilized to extract the rotor speed and position from the estimated back-EMF signals. The differences between these two estimators are also examined. To prove the validity of the analyses performed in this paper, experimental results obtained with an IPMSM drive are provided.
II. MATHEMATICAL MODEL OF A PMSM FOR
BACK-EMF ESTIMATION Fig. 2 shows a space vector diagram for a PMSM [9] . The α-β and d-q frames represent the stationary and the rotor reference frames, respectively. The α axis corresponds to the magnetic axis of the u phase and the d axis is aligned with the direction of the N pole of the rotor. The γ-δ frame is an estimated frame used in sensorless vector control using the rotor reference frame. r θ and r θˆ are the actual and estimated rotor positions, respectively.
A. Mathematical Model in the Stationary Reference Frame
The PMSM voltage equation in the stationary reference frame is: 
In a SPMSM, e α and e β , the back-EMF signals in the stationary frame can be easily estimated using a simple estimating strategy and equation (2) . However, for the IPMSM, it is difficult to construct the back-EMF observer Fig. 2 . Space vector diagram of PMSM [9] . using equation (1) owing to the unknown parameter 2θ r
which is caused by the machine saliency. The extended EMF model, presented in [7] , can simplify the voltage equation for an IPMSM as follows: (4) where E ex
is the extended EMF, and is defined by (5):
.
The second term on the right-hand side of (4) corresponds to e α and e β ) ( tan . The rotor position can be calculated directly using (6) : (6) where r θˆ is the estimated rotor position, and α ê and β ê are the back-EMF signals estimated in the stationary reference frame using (2) or (3). However, α ê and β ê are AC signals. Therefore, a phase delay exists between the actual and the estimated back-EMF signals due to the intrinsic phase delay of the back-EMF estimator. This effect results in some rotor position estimation error. As a result, the special phase delay compensation method is generally required.
B. Mathematical Model in the Rotor Reference Frame
The voltage equation of the PMSM in the rotor reference frame is given by:
The voltage equation of the PMSM in the γ -δ frame is derived as follows [9] :
where Δθ is the position error between the γ-δ and the d-q reference frame, r ω is an estimated rotor angular speed, and
. (11) Equation (8) is too complicated to be useful in building an estimator. However, for a SPMSM,
, and thus equation (8) can be simplified as follows: (12) To simplify the voltage equation of an IPMSM in the γ-δ reference frame, the extended EMF can also be applied to the rotor reference frame model as follows [7] , [9] :
where:
The second term on the right-hand side of (13) is the back-EMF. However, the back-EMF in the γ-δ reference frame includes the rotor position error, rather than the rotor position. This is the difference between the stationary and the rotor reference frame models.
Under the steady-state condition, it is possible to ignore the third term on the right-hand side of (13) because the error between r ω and r ω is sufficiently small and equation (13) can be simplified using (15):
The estimated rotor position error θ∆ can be calculated using (16):
where γ ê and δ ê are the back-EMF signals estimated using (15) in the γ-δ reference frame. When using the rotor reference frame model, the estimated back-EMF signals are DC values. Therefore, the phase delay between the actual and the estimated signals is negligible. This is the advantage of the rotor reference frame model when compared to the stationary reference frame model. On the other hand, an additional rotor position estimator is required for the rotor reference frame model because the rotor position error (Δθ) is estimated instead of the rotor position (θ r r ω ). In addition, the third term in (13) , ignored in (15), may generate a back-EMF estimation error in the transient-state condition, where the error between and r ω is no longer negligible.
III. ANALYSIS OF THE BACK-EMF ESTIMATOR
The back-EMF signals can be estimated using either the α-β or the γ-δ reference frame model. This paper focuses on the analysis of back-EMF estimators based on the extended-EMF model in the γ-δ reference frame, because the phase delay in the back-EMF estimator is relatively small when compared to that in the α-β reference frame model. Fig. 3 . Back-EMF estimator using PI type state filter.
A. Back-EMF Estimator Using PI Type State Filter
The PI type back-EMF estimator presented in [8] can also be implemented in the γ -δ reference frame model as shown in Fig. 3 . In Fig. 3 
where i γ and i δ γδ iˆ are the stator currents in the γ-δ reference frame. , * γδ v , and γδ Ê correspond to the estimated stator current vector, the commanded voltage vector, and the estimated back-EMF vector in the γ-δ reference frame, respectively, and can be expressed in an equation similar to (17) . The estimated back-EMF in Fig. 3 is given by (18):
where γδ v is the voltage vector in the γ-δ reference frame.
The gains of the PI type back-EMF estimator are selected by using the pole-zero cancellation method as follows:
where ω est 
is the bandwidth of the back-EMF estimator. By substituting (19) into (18), the following is obtained:
. (20) By assuming that the errors in the motor parameters, the voltage vector, and the estimated speed are sufficiently small, the transfer function of the back-EMF estimator, shown in Fig. 3 , is derived as follows: 
From (21), it is clear that the characteristics the PI type back-EMF estimator are the same as those of a first-order low-pass filter.
B. Back-EMF Estimator Using a Disturbance
Observer Fig. 4 shows a back-EMF estimator using a disturbance observer [9] . A differential operator is included in Fig. 4 . To minimize the negative effects of the differential operation, the back-EMF estimator using the disturbance observer is implemented using both a low-pass filter and a high-pass filter as follows:
The estimated EMF using the disturbance observer is given by (23): 
From (20) and (23), it is evident that the back-EMF estimator using the disturbance observer is the same as the PI type back-EMF estimator. Therefore, the bandwidth of the low-pass filter in Fig. 4 also determines the bandwidth of the transfer function from the actual back-EMF to the estimated back-EMF.
C. Back-EMF Estimator Using a Reduced Order Observer
By assuming that the sampling frequency is sufficiently high and that the back-EMF is constant during a sampling period, the dynamic equations of a PMSM based on the extended EMF model are given as follows: , which are the stator currents in the γ-δ reference frame, are measurable. New output variables are defined using the measurable state variables as follows:
. (26) Using (26), the reduced observer can be constructed as follows:
where L 1 and L 2 are the observer gains.
To remove the differential terms in (27) and (28) 
Using the new state variables, η 1 and η 2
, the observer can be designed as follows:
To implement the observer from (31) and (32), the estimated rotor angular speed and the commanded voltages are used, instead of the actual rotor angular speed and voltages. Fig. 5 shows a back-EMF ( r ê ) estimator designed using (29) and (31). The value of δ ê can be also estimated using a similar method, as shown in Fig. 5 . The gains of the reduced observer should be selected as:
then the estimated back-EMF is given by (34): 
Thus, the three kinds of back-EMF estimators based on the extended EMF model in the γ-δ reference frame have the same operating characteristics, although the back-EMF estimators have a different structure.
D. Analysis of the Back-EMF Estimation Error
The back-EMF estimator uses a mathematical model of a PMSM and the commanded voltage. Therefore, the accuracy of the back-EMF estimator is directly affected by the motor parameter variations and the voltage errors due to inverter nonlinearities. To analyze the effects of parameter variations and voltage errors on the accuracy of the back-EMF estimator, the nominal motor parameters must be examined, and the rotor angular speed and the commanded voltages must be estimated as follows:
where ΔR, Δ L d , and ΔL q are the errors between the nominal and the actual motor parameters, Δω r is the estimated rotor speed error, and Δv γ and Δv δ are the voltage errors due to inverter nonlinearities. Using (34), (35) and (36), the following is obtained: 
Under the steady state condition, Δω r is sufficiently small that can be seen that the estimated EMFs are affected by Δv γ and Δv δ via the low-pass filter. Thus the effects of Δv γ and Δv δ on the estimated EMF decrease as ω r increases, because the 6th order harmonics are attenuated by the low-pass filter. On the other hand, the effects of ΔL q on the estimated EMF increase as ω r increases, because ΔL q is multiplied by ω r , as shown in the second term on the right side of (39) and (40). In addition, the second terms of (39) and (40) are not attenuated by the low-pass filter, as they are DC signals. Thus, the accuracy of the estimated EMF becomes more sensitive to ΔL q at high speeds, and it becomes more sensitive to voltage errors at low speeds. To improve the accuracy of the back-EMF estimator at low speeds, the bandwidth of the back-EMF estimator ω est
To analyze the effects of ΔR and ΔL should be decreased so as to further filter the undesirable voltage harmonics. Dead time compensation can be considered as an alternative method to improve the performance of the back-EMF estimator at low speeds.
d on the estimated EMF, consider the bode plots of the transfer functions from the actual γ axis back-EMF to the estimated γ axis back-EMF and from v γ1 to the estimated γ axis back-EMF, as shown in Fig. 6 . Three combinational cases of motor parameter deviations are considered in the bode plots. To allow better estimation of the back-EMF, the gain of the transfer function from the actual back-EMF to the estimated back-EMF should be close to 0 dB and that of the transfer function from v γ1 to e γ
IV. SPEED AND POSITION ESTIMATORS
should be decreased as much as possible. In Fig. 6 , it can bee seen that the accuracy of the back-EMF estimator is more sensitive to stator resistance errors than to d-axis inductance errors.
A. PLL Type Speed and Position Estimators
The PLL type speed and position estimator shown in Fig. 7 is generally used to acquire the estimated rotor speed and position from the estimated rotor position error. The PI controller for G e ( ) Fig. 7 , which is generally used, is given as follows:
and the transfer function from r θˆ to 1r θ is given by (42):
By assuming that the denominator of (42) is the same as the characteristic equation of the standard second-order system, K ep and K ei can be selected based on the damping ratio ζ and the undamped natural frequency ω n . The transient response of the PLL type estimator can be improved by adding a double integral term into G e ( ) ( )
(s) as follows [9] : (43) The transfer function from r θˆ and 1r θ is given by (44): 
K 1 , K 2 , and K 3 can also be selected by using the damping ratio (ζ) and the undamped natural frequency (ω n ) [9] . Fig. 8 shows the bode plots of (42) and (44) where ζ and ω n
B. Luenberger Observer Type Speed and Position
Estimator are set to 1 and 50 rad/s, respectively. Because the phase delay decreases, as shown in Fig. 8 , when the double integral term is added, it is natural that the performance of the double integral type estimator is improved in the transient state.
A Luenberger observer type speed and position estimator can also be used for the estimation of rotor speed and position, as shown in Fig. 9 [8] , [17] . The transfer function of the Luenberger observer type position estimator, shown in Fig. 9 , is given by (45): It is possible to obtain zero phase lag with the use of a Luenberger observer type estimator with accurate machine parameters [8] . However, this estimator is sensitive to the inertia parameter error and its structure is more complex than that of a PLL type estimator. Also, the PLL type estimator can filter high frequency noise included in the estimated position error, because its frequency response is the same as that of the low-pass filter, as shown in Fig. 8 .
V. EXPERIMENTAL RESULTS
To verify the effectiveness of the analyses of the back-EMF estimators, experiments were performed using a 250-W IPMSM coupled to a permanent-magnet DC (PMDC) load motor, as shown in Fig. 10 . The parameters of the tested IPMSM are listed in Table I . The DC-links of each inverter for the tested IPMSM and the PMDC motor are connected together so that additional equipment for processing the regenerative energy from the PMDC motor is not required. The back-EMF based sensorless algorithms are implemented on a Texas Instruments TMS320F28335 floating-point digital signal processor (DSP). The switching frequency of the inverter is 10 kHz and the dead-time is 3 μs. The sampling period is 1 ms for the speed control and 0.1ms for the current control, the sensorless speed and the position estimation. The bandwidth of the current controller is 100 Hz. An encoder with a resolution of 1,024 pulses per revolution (PPR) is used to monitor the actual rotor position. [8], [17] . To examine the characteristics of the back-EMF estimator using the stationary reference frame model, experiments were performed using the PI type back-EMF estimator presented in [8] . Fig. 11 and Fig. 12 show the experimental results when the bandwidth of the PI type back-EMF estimator is chosen to be 300Hz. A constant load torque of 0.55 N·m is applied during sensorless operation. The estimated rotor position in Fig. 12 is directly calculated using (6). In Fig. 12 , it can be seen that some phase delay exists between the measured and the estimated rotor position. This is because the estimated back-EMF signals are AC signals, as shown in Fig. 11 . The phase delay in the back-EMF estimator is unavoidable. The phase delay between the actual and the estimated back-EMF increases as the rotor speed increases. If the bandwidth of the back-EMF estimator is increased so as to reduce the phase delay, the back-EMF estimator becomes sensitive to inverter noises. Thus, an additional phase delay compensation method is required for the back-EMF estimator in the stationary reference frame model. Fig. 13 and Fig. 14 show the transient and steady-state responses when the PI type back-EMF estimator using the rotor reference frame model, shown in Fig. 3 , is used. The bandwidth of the back-EMF estimator is chosen to be 100 Hz. The rotor speed and position are estimated through the PLL type speed and position estimator shown in Fig. 7 . The PI controller in the PLL type estimator is set to ζ =1 and ω n The effect of motor parameter errors on the back-EMF estimation error can be monitored via the estimated rotor position error, because the rotor position is estimated from the estimated back-EMF. Fig. 15, Fig. 16, and Fig. 17 show the estimated rotor position error when the nominal stator resistance and the nominal d-q axes inductances vary from 70% to 130% of their nominal values (listed in Table I ) while the motor is running at 5%, 10%, 20%, and 30% of the rated speed (3200 rpm) with a 100% load (0.73 N·m). From these figures, it can be seen that the difference between the maximum and the minimum values of the estimated rotor position error decrease as the rotor speed increases. This result occurs because the voltage errors due to inverter nonlinearities are filtered through the low-pass filter included in the back-EMF estimator. Also, it can be observed that the estimated rotor position errors are more sensitive to the nominal q-axis inductance error. This coincides with the analyses presented in this paper. =50 rad/s. The PI controller of (41) and (43) were used to produce the signals shown in Fig. 13 and Fig. 14, respectively . To examine the transient-state response according to the structure of the PI controller in the PLL type estimator, the load torque was changed from 50% (0.37 N·m) to 100% (0.73 N·m) while the motor was running at 1000 rpm. From Fig. 12 and Fig. 14 , it can be seen that the transient-state performance of (43) is better than that of (41). This corresponds with the analysis in Fig. 8 .
B. The Rotor Reference Frame Model Case
When using the rotor reference frame model, the steady-state error between actual and the estimated rotor position is small when compared to that in the stationary reference frame model. This is because the estimated back-EMFs in the rotor reference frame model are DC signals. Therefore, the steady-state phase delay in the back-EMF estimator is negligible. Experiments on the disturbance observer type back-EMF estimator shown in Fig. 4 and the reduced-order observer type back-EMF estimator shown in Fig. 5 show the same results as Fig. 13 and Fig. 14 under the same conditions. 
VI. CONCLUSIONS
This paper has analyzed several back-EMF estimators for the sensorless control of a PMSM and verified the effectiveness of these analyses through experimental studies. The following points summarize the work presented in this paper.
1) When using the stationary reference frame model, a phase delay between the actual and the estimated back-EMF exists, because the back-EMFs in the stationary reference frame are AC signals. On the other hand, the phase delay is negligible when using the rotor reference frame model, because the estimated EMFs are DC signals.
2) There are three kinds of back-EMF estimators based on the rotor reference frame model, which include the PI type, the disturbance observer type, and the reduced observer type estimator. They all have the same transfer function and the same operating characteristics.
3) The effects of the motor parameter errors and the voltage errors due to inverter nonlinearities on the back-EMF estimation error were analyzed and verified through experiments. The voltage errors are filtered by the low-pass filter included in the back-EMF estimator. The back-EMF estimation error due to voltage errors decreases as the rotor speed increases. To reduce the back-EMF estimation error at low speeds, the bandwidth of the back-EMF estimator should be decreased or a dead-time compensator can be used. The back-EMF estimator error is more sensitive to the q-axis inductance error because the voltage errors due to the q-axis inductance error increase as the rotor speed increases and they are not filtered through the low-pass filter included in the back-EMF estimator. Thus an additional q-axis inductance error compensation method is required for stable operation of the sensorless control at high speed. Bode plots of the transfer function from the actual to the estimated back-EMF show that the stator resistance error can also decrease the accuracy of the estimated back-EMF.
